Abstract. We discuss some notions of compactness relative to a specified family F of subsets of some topological space X. In particular, we relativize to F the notions of D-compactness, CAP λ , and [µ, λ]-compactness.
A family (x α ) α∈λ of (not necessarily distinct) elements of X is said to D-converge to some point x ∈ X if and only if {α ∈ λ | x α ∈ U} ∈ D, for every neighborhood U of x in X.
The space X is said to be D-compact if and only if every family (x α ) α∈λ of elements of X converges to some point of X.
If (Y α ) α∈λ is a family of (not necessarily distinct) subsets of X, then x is called a D-limit point of (Y α ) α∈λ if and only if {α ∈ λ | Y α ∩ U = ∅} ∈ D, for every neighborhood U of x in X.
The space X is said to be D-pseudocompact [GS] if and only if every family (O α ) α∈λ of nonempty open subsets of X has some D-limit point in X.
The above notions can be simultaneously generalized as follows.
Definition 1. Suppose that D is an ultrafilter over some cardinal λ, X is a topological space, and F is a specified family of subsets of X. We say that the space X is F -D-compact if and only if every family (F α ) α∈λ of members of F has some D-limit point in X.
Thus, we get the notion of D-compactness in the particular case when F is the family of all singletons of X; and we get the notion of D-pseudocompactness in the particular case when F is the family of all nonempty open subsets of X.
If G is another family of subsets of X, let us write F £ G to mean that, for every F ∈ F , there is G ∈ G such that F ⊇ G.
With this notation, it is trivial to show that if
The most interesting cases in Definition 1 appear to be the two mentioned ones, that is, when either F is the set of all singletons of X, or F is the set of all nonempty open subsets of X.
In the particular case when F is the set of all singletons, all results we prove here are essentially well known, except for the technical difference that we deal with sequences, rather than subsets The difference is substantial only when dealing with singular cardinals. See Remark 3.
In the case when F is the set of all nonempty open subsets of X, some of our results appear to be new. At first reading, the reader might consider only the two above particular cases, and look at this note as a generalization to pseudocompactness-like notions of results already known about ultrafilter convergence and complete accumulation points.
Of course, it might be the case that our definitions and results can be applied to other situations, apart from the two mentioned particular ones, but we have not worked details yet.
We are now going to generalize the notion of an accumulation point.
Definition 2. If λ is an infinite cardinal, and (Y α ) α∈λ is a sequence of subsets of some topological space X, we say that x ∈ X is a λ-complete accumulation point of (Y α ) α∈λ if and only if |{α ∈ λ | Y α ∩U = ∅}| = λ, for every neighborhood U of x in X. In case λ = ω, we get the usual notion of a cluster point. If F is a family of subsets of X, we say that X satisfies F -CAP * λ if and only if every family (F α ) α∈λ of members of F has a λ-complete accumulation point.
Notice that if X is a Tychonoff space, and F is the family of all nonempty open sets of X, then F -CAP * ω is equivalent to pseudocompactness. See, e. g., [GS, Section 4] .
If F £ G and X satisfies G-CAP * λ , then X satisfies F -CAP * λ . Remark 3. In the case when each Y α is a singleton in Definition 2, and all such singletons are distinct, we get back the usual notion of a complete accumulation point.
A point x ∈ X is said to be a complete accumulation point of some infinite subset Y ⊆ X if and only if |Y ∩ U| = |Y |, for every neighborhood U of x in X.
A topological space X satisfies CAP λ if and only if every subset Y ⊆ X with |Y | = λ has a complete accumulation point.
In the case when λ is a singular cardinal, there is some difference between the classic notion of a complete accumulation point and the notion of a λ-complete accumulation point, as introduced in Definition 2. This happens because, for our purposes, it is more convenient to deal with sequences, rather than subsets, that is, we allow repetitions. This is the reason for the * in F -CAP * λ in Definition 2. As pointed in [L3, Part VI, Proposition 1], if F is the family of all singletons, then, for λ regular, F -CAP * λ is equivalent to CAP λ , and, for λ singular, F -CAP * λ is equivalent to the conjunction of CAP λ and CAP cf λ .
Proposition 4. Suppose that λ is an infinite cardinal, and (Y α ) α∈λ is a sequence of subsets of some topological space X.
Then x ∈ X is a λ-complete accumulation point of (Y α ) α∈λ if and only if there exists an ultrafilter D uniform over λ such that x is a D-limit point of (Y α ) α∈λ .
In particular, (Y α ) α∈λ has a λ-complete accumulation point if and only if (Y α ) α∈λ has a D-limit point, for some ultrafilter D uniform over λ.
Proof. If x ∈ X is a λ-complete accumulation point of (Y α ) α∈λ , then the family H consisting of the sets {α ∈ λ | Y α ∩U = ∅} (U a neighborhood of x) and λ \ Z (|Z| < λ) has the finite intersection property, indeed, the intersection of any finite set of members of H has cardinality λ. Hence H can be extended to some ultrafilter D, which is necessarily uniform over λ. It is trivial to see that, for such a D, x is a D-limit point of (Y α ) α∈λ .
The converse is trivial, since the ultrafilter D is assumed to be uniform over λ.
Definition 5. If X is a topological space, and F is a family of subsets of X, we say that X is F -[µ, λ]-compact if and only if the following holds.
For every family (C α ) α∈λ of closed sets of X, if, for every Z ⊆ λ with
Of course, in the particular case when F is the set of all the singletons, F -[µ, λ]-compactness is the usual notion of [µ, λ]-compactness.
If F is a family of subsets of X, let F = {F | F ∈ F }. With this notation, it is trivial to observe that
Proposition 7. Suppose that X is a topological space, F is a family of subsets of X, and λ is a regular cardinal. Then the following conditions are equivalent.
(
(c) Every sequence (F α ) α∈λ of elements of F has a λ-complete accumulation point (that is, X satisfies F -CAP * λ ). (d) For every sequence (F α ) α∈λ of elements of F , there exists some ultrafilter D uniform over λ such that (F α ) α∈λ has a D-limit point.
(e) For every λ-indexed open cover (O α ) α∈λ of X, there exists Z ⊆ λ, with |Z| < λ, such that, for every
In each of the above conditions we can equivalently replace F by F.
Proof. (a) ⇒ (b) is obvious, since λ is regular. Conversely, suppose that (b) holds, and that (C α ) α∈λ are closed sets of X such that, for every Z ⊆ λ with |Z| < µ, there exists F ∈ F such that α∈Z C α ⊇ F . Suppose that (b) holds, and that (F α ) α∈λ are elements of F . For α ∈ λ, let C α be the closure of β>α F β . The C α 's satisfy (b), hence α∈λ C α = ∅. Let x ∈ α∈λ C α . We want to show that x is a λ-complete accumulation point for (F α ) α∈λ . Indeed, suppose by contradiction that |{α ∈ λ | F α ∩ U = ∅}| < λ, for some neighborhood U of x in X. If β = sup{α ∈ λ | F α ∩ U = ∅}, then β < λ, since λ is regular, and we are taking the supremum of a set of cardinality < λ. Thus, F α ∩ U = ∅, for every α > β, hence U ∩ α>β F α = ∅, and x ∈ C β , a contradiction.
Conversely, suppose that (c) holds, and that (C α ) α∈λ satisfy the premise of (b). For each α ∈ λ, choose F α ∈ F with F α ⊆ C α . By (c), (F α ) α∈λ has a λ-complete accumulation point x. Hence, for every neighborhood U of x, there are arbitrarily large α < λ such that U intersects F α , so there are arbitrarily large α < λ such that U intersects C α , hence U intersects every C α , since the C α 's form a decreasing sequence. In conclusion, for every α ∈ λ, every neighborhood of x intersects C α , that is, x ∈ C α , since C α is closed. It is trivial that in (a) and (b) we get an equivalent condition if we replace F by F. Hence, by applying what we have just proved with F in place of F , we get that all conditions are equivalent.
We now discuss the behavior of F -D-compactness with respect to products.
Proposition 8. Suppose that (X i ) i∈I is a family of topological spaces, and let X = i∈I X i , with the Tychonoff topology. Let D be an ultrafilter over λ.
(a) Suppose that, for each i ∈ I, (Y i,α ) α∈λ is a sequence of subsets of X i . Then some point x = (x i ) i∈I is a D-limit point of ( i∈I Y i,α ) α∈λ in X if and only if, for each i ∈ I, x i is a D-limit point of (Y i,α ) α∈λ in X i .
In particular, ( i∈I Y i,α ) α∈λ has a D-limit point in X if and only if, for each i ∈ I, (Y i,α ) α∈λ has a D-limit point in X i .
(b) Suppose that, for each i ∈ I, F i is a family of subsets of X i , and let F be the family of all subsets of X of the form i∈I F i , where each
Theorem 9. Suppose that X is a topological space, and F is a family of subsets of X. For every ordinal δ, let X δ be the δ th power of X, endowed with the Tychonoff topology, and let F δ be the family of all products of δ members of F . Then, for every cardinal λ, the following are equivalent.
(1) There exists some ultrafilter D uniform over λ such that X is F -D-compact. (2) There exists some ultrafilter D uniform over λ such that, for In X δ , consider the sequence ( β∈δ F β,α ) α∈λ . By (4), the above sequence has a λ-complete accumulation point and, by Proposition 4, there exists some ultrafilter D uniform over λ such that ( β∈δ F β,α ) α∈λ has a D-limit point x in X δ . Say, x = (x β ) β∈δ . By Proposition 8(a), for every β ∈ δ, x β is a D-limit point of (F β,α ) α∈λ in X.
Since every λ-indexed sequences of elements of F has the form (F β,α ) α∈λ , for some β ∈ δ, we have that every λ-indexed sequences of elements of F has some D-limit point in X, that is, X is F -D-compact.
Remark 10. Suppose that F in Theorem 9 is the family of all nonempty open subsets of X. Then, in (3) and (4) we cannot replace F δ by the family G δ of all nonempty open subsets of X δ . Indeed, if we take λ = ω, then G δ -CAP * ω for X δ is equivalent to the pseudocompactness of X δ . However, [GS] constructed a space all whose powers are pseudocompact, but which for no uniform ultrafilter D over ω is Dpseudocompact. Thus, (3) ⇒ (1) would be false, in general, for the choice of G δ .
Let us mention the special case of Theorem 9 dealing with D-pseudocompactness.
Corollary 11. For every topological space X and every cardinal λ, the following are equivalent.
(1) There exists some ultrafilter D uniform over λ such that X is D-pseudocompact. (2) There exists some ultrafilter D uniform over λ such that, for every ordinal δ, every λ-indexed sequence of subsets of X δ , each subset being the product of nonempty open sets of X, has some D-limit point. Proposition 12. Suppose that X is a topological space, F is a family of subsets of X, D is an ultrafilter over λ, and f :
Corollary 13. Suppose that λ = µ + , and µ is a regular cardinal. If, in the notation of Theorem 9, X δ satisfies
Proof. By Theorem 9 (4) ⇒ (1), there exists some ultrafilter D uniform over λ such that X is F -D-compact. By well known results about ultrafilters (e. g., [CN, L1, L4] ), there exists f :
Many other results about decomposability of ultrafilters can be used in order to obtain results similar to Corollary 13. This is similar to the situation described in [L1] . See also [L4] . We leave details to the reader.
We can generalize the notion of [µ, λ]-compactness in another direction.
Definition 14. If X is a topological space, and F is a family of closed subsets of X, we say that X is [µ, λ]-compact relative to F if and only if the following holds.
For every family (F α ) α∈λ of elements of F , if, for every Z ⊆ λ with |Z| < µ, α∈Z F α = ∅, then α∈λ F α = ∅.
The usual notion of [µ, λ]-compactness can be obtained from the above definition in the particular case when F is the family of all closed sets of X.
If F is the family of all zero sets of some Tychonoff space X, then X is [ω, λ]-compact relative to F if and only if X is λ-pseudocompact. See, e. g., [GF] for results about λ-pseudocompactness, and further references.
Proposition 15. Suppose that X is a topological space, and F is a family of closed subsets of X. Then the following are equivalent.
(a) X is [µ, λ]-compact relative to F . (b) X is [κ, κ]-compact relative to F , for every κ with µ ≤ κ ≤ λ.
Proof. Identical with the proof of [L2, Proposition 8] .
